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Abstract  

rork on t h e  dynamical equi l ibr ium of t h e  Van Al len  

Belts i t  is assumed t h a t  t h e  plasma is  tenuous,  i .e.  one n e g l e c t s  

second o r d e r  e f f e c t s  such as t h e  magnetic f i e l d  genera ted  by t h e  

p a r t i c l e s  in t h e  b e l t  compared to t he  geoniagnetic f i e l d .  

seem from t h e  results of t h e s e  c a l c u l a t i o n s  t h a t  t h i s  i s  no t  a 

good approximation and that t h e  plasma energylvol .  is comparable 

t o  t h e  geomagnetic ene rgy /vo l . In  t h e  present  work t h e  r a d i a t i o n  

b e l t s  are t r e a t e d  s e l f  c o n s i s t e n t l y .  I n  p a r t i c u l a r  t h e  ques t ion  

of how much plasma could be  t rapped  i n  t h e  b e l t s  i f  an  unl imited 

source  were p resen t  is considered.  

c a l c u l a t i o n  i t  would seem t h a t  t h e  Van Allen Belts are s a t u r a t e d .  

It would 

Judging from a pre l iminary  
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INTRODUCTION 

As a first approximation we may consider the Van Allen belts to 

... be a steady state plasma confined in a bounded volume by the earth 

magnetic dipole field. The temperature, density and magnetic field 

strength are such that the plasma may be described adequately by the 

Vlasov equation. If we further observe that the Larmor radius of 

the particles is much smaller than the distances within which the 

magnetic field, particle density etc'., change by a significant fraction 

of themselves we may then use the guiding center approximation. If we 

assume that the plasmas is neutral, and thus there are no electric 

fields we have in the steady state the following equation for dynamical 

equilibrium 

-+ 
where 3 is the current due to the motion of plasma constituents, B the 

+ 
magnetic field generated by the plasma, B the external magnetic dipole 

0 
1 

+-3 
field, and P . The pressure tensor of the plasma. The pressure tensor 

is defined by 

where the sum is taken over the plasma constituents (electrons and ions) 

and f is the distribution function for a given cocstituent. It is assumed 

in this approximation that P is a diagonal tensor in a local coordinate 
cf 

system with the z-axis parallel'to the magnetic field. It is further 

assumed that P = Pn - PJ, xx For convenience we{ define Pzz \. 

.. . . 



(3) 

also 
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The c u r r e n t  3 and t h e  f i e l d  % are r e l a t e d  by Maxwell's equat ions  

n 0 

Clea r ly  t h e s e  equat ions  a l o n e  are n o t  s u f f i c i e n t .  The equat ions  

cannot  t e l l  us  how many p a r t i c l e s  are i n  t h e  Van Al len  b e l t s  o r  even how 

they  are d i s t r i b u t e d .  

magnetic cons is tency  requirements .  

They spec i fy  only  c e r t a i n  dynamical and e l e c t r o -  

I n  a comprehensive dFscuasion of t h e  s u b j e c t ,  Apel, Singer  and 
* 

Wentworth 

above equat ions.  

hava s tud ied  i n  d e t a i l  c e r t a i n  zero  o rde r  s o l u t i o n s  t o  t h e  

(One can  demonstrate t h a t  f i r s t  o r d e r  p a r t i c l e  o r b i t  

theory  i s  equ iva len t  t o  t h e  above system of equat ions .  t ) By zero o rde r  

c a l c u l a t i o n  we mean t h a t  B is neglected i n  comparison t o  B 

However t o  o b t a i n  a s o l u t i o n  represent ing  t h e  observed p a r t i c l e  d e n s i t i e s  

i t  would appear  t h a t  t h i s  assumption may no t  be  a good one. 

i n  eq. (1). 
0 

The ze ro  o r d e r  c a l c u l a t j o n  i n d i c a t e s  t h a t  t h e  plasma f i e l d  may 

w e l l  b e  comparable t o  t h e  geomagnetic f i e l d .  

ou r se lves  t o  t h e  ques t ion :  

can be contained w i t h i n  a g iven  bounded volume by a magnetic d i p o l e  f i e l d ?  

For example, w e  might ask: 

For t h i s  reason w e  addres s  

how much plasma, wi th  given energy d i s t r i b u t i o n ,  

how much plasma can be  contained between two 

* 
J. R. Apel, S. F. Singer ,  and R. C. Wentworth, "Effec ts  of Trapped 

P a r t i c l e s  on t h e  Geomagnetic Field" ,  pp. 131-89 i n  "Advances i n  Geo- 
phys i c s ,  2, 1962, Academic P res s  

- 'Conrad L.Umgmi.re,, Elementary Plasma Phys ics ,  John Wiley & Sons, 
New York, 1963, Ch. 111. 
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spheres  of r a d i u s  r l  and r2, by a d i p o l e  f i e l d ?  

I n  o r d e r  t o  o b t a i n  t h e  r e l a t i o n  between t h e  number of p a r t i c l e s  

t rapped i n  t h e  d i p o l e  f i e l d  and t h e  p re s su re  d i s t r i b u t i o n  w e  need an 

equat ion  of state. 

def ined  i n  eq. (2) .  

.. 
To t h i s  end w e  take  t h e  trace of t h e  p re s su re  tensor  

where E+ is  t h e  mean energy p e r  i o n  ( e l e c t r o n )  and N+ t h e  number d e n s i t y  - - 
of t h e  i o n s  ( e l e c t r o n s ) .  E i s  t h e  average energy p e r  p a r t i c l e  and is  

de f ined  by 

We have a l s o  set N = N+ + N-. 

In t h e  Van Al len  b e l t s  N+ - N_ and E+ >> E . W e  w i l l  t h e r e f o r e  - 
write 

and i n  t h e  f u t u r e  we w i l l  omit t h e  + s u b s c r i p t  as t h e r e  w i l l  be  no 

f u r t h e r  mention of t h e  e l e c t r o n s .  

We s h a l l  assume a l s o  t h a t  E is a cons tan t  throughout t h e  b e l t  and 

is g i v e n  (experimental ly)  so t h a t  eq. (5) g ives  t h e  number d e n s i t y  as a 

f u n c t i o n  of pressure .  (N and P remain func t ions  of pos i t i on . )  
! 
i Our problem then  may be s t a t e d  as fol lows.  Find a s o l u t i o n  of 

* 
eqs.  (l), (3) and (4) w i t h  P = 0 o u t s i d e  t h e  s h e l l  rl < r < r 2  such 

i is a maximum. Our o b j e c t i v e  is t o  compare t h i s  maximum 

p a r t i c l e  number wi th  t h e  observed p a r t i c l e  number.to see i f  t h e  Van 



I .  

Allen b e l t 8  are i n  f a c t  saturated. There are o t h e r  alternatives of 

course.  

t h a t  t h e  p a r t i c l e  source  l a  l i m i t e d  so that when equ i l ib r ium i s  reached 

The p a r t i c l e  d e n s i t y  could b e  l i m i t e d  by v i r t u r e  of t h e  f a c t  

between t h e  aource  and s i n k  (capture  I n  t h e  atmoephere, etc.) t h e  d e n s i t y  

is below t h e  m a x i m u m  d iscussed  above. 

i n s t a b i l i t i e s  arr ive be fo re  t h e  maximum is a t t a i n e d .  

worthwhile t o  examine t h e  problem t o  see what t h i s  maximum is. 

O r  i t  is q u i t e  p o s s i b l e  t h a t  

I n  any case it  is 

We h a s t e n  t o  p o i n t  o u t  t h a t  we were n o t  success fu l  i n  so lv ing  t h e  

gene ra l  problem o u t l i n e d  above. 

t h a t  an upper bound exists and de r iv ing  bounds in terms of c e r t a i n  

plasma parameters(eg.  magnetic moment, f i e l d  generated by t h e  plasma 

a t  t h e  e a r t h ' s  s u r f a c e ,  etc.) .  

We have l i m i t e d  ou r se lves  t o  showing 

We maximize t h e  dens i ty  f o r  a two 

dimensional model by choosing s p h e r i c a l  s o l u t i o n s  wi th  v a r i a b l e  para- 

meters. 

Se l f  Confinement 

L e t  us f i r s t  cons ider  whether t h e  problem as posed has  a s o l u t i o n ,  

t h a t  ie t h e r e  may be  no upper bound on t h e  amount of plasma t h a t  could 

be  confined by a d i p o l e  in t h e  s h e l l  rl  < r  < r 2 .  L e t  u s  suppose t h e r e  

is no upper bound. If w e  imagine mor'e and more plasma being packed i n t o  

t h e  s h e l l  t h e r e  comes a time when the  magnetic f i e l d  of t h e  d i p o l e  be- 

comes n e g l i g i b l e  compared t o  t h e  magnetic f i e l d  generated by t h e  plasma. 

We might as w e l l  neg lec t  t h e  d i p o l e  f i e l d ,  i n  which case, t h e  ques t ion  

becomes whether t h e  plasma can conf ine  i t s e l f .  

theorem due t o  Schmidt 

There i s  a w e l l  known 

t h a t  a plasma s a t i s f y i n g  t h e  Vlasov equat ion 
* 

* 
G. Schmidt, "Virial Theorem f o r  Plasmas", t h e  Physics  of F lu ids ,  

1960, pp. 481-2. 



Cannot c o n t a h  i t s e l f .  

both s i d e  i n t e g r a t e d  over  all space  we f i n d  

I f  eq. (1) ( O d t t i n g  Bo) i s  d o t t e d  wi th  and 

.. . 

. '  

(This is  a s p e c i a l  case of t h e  Vi r ia l  theorem der ived  by Schmidt). 

have used eqs.  (3) and (4). From eq. (5) w e  see t h a t  T r  P is  p o s i t i v e  

We 
4-+ 

d e f i n i t e  and thus  t h e  sum could no t  be zero .  

Although t h i s  argument i s  not  s t r i c t l y  r igo rous  ( i t  may no t  be  

l e g i t i m a t e  t o  neg lec t  Bo compared'to B even though i t  is  much smaller 

over most of t h a  plasma) i t  neve r the l e s s  i n d i c a t e s  t h a t  a d i p o l e  can 

con ta in  only  a f i n i t e  q u a n t i t y  of plasma i n  a s h e l l .  

Some General Theorems 

We w i l l  f i r s t  d e r i v e  some genera l  theorems r e l a t i n g  an  upper bound 

on t h e  q u a n t i t y  of plasma wi th  o the r  plasma parameters .  

We cons ider  f i r s t  a g e n e r a l i z a t i o n  of a r e s u l t  der ived  by Dessler 
* 

and Parker  

a r b i t r a r y  geometry. 

o r b i t  theory  and are zero  o rde r  c a l c u l a t i o n s  (i.e. B << Bo). 

f o r  some spec ia l /geometr ies  and later by Sckopket f o r  a n  

I n  both cases t h e  r e s u l t s , w e r e  der ived  from p a r t i c l e  

I n  what 

fo l lows  w e  w i l l  no t  r e q u i r e  B << Bo. 

i .  
1 

! 
1 ,  
, 

/ .  

; 
f 

We dot  both  s i d e s  of eq. (1) and i n t e g r a t e  over  all space 

* 
Dessler, A. J . ,  and Parker ,  E. N . ,  "Hydromagnetic Theory of Geomagnetic 
Storms'', Journ. of Geophys. R e s . ,  64, 1959,  pp. 2239-52. 

'N. Sckopke, "A General Re la t ion  Between t h e  Energy of Trapped P a r t i c l e s  
and t h e  Disturbance F i e l d  Near t h e  Earth". Journ.  of Geophys. Res., 2, 
1966, pp. 3125-30. 

0 



We w i l l  s i m p l i f y  each t e r m  i n  eq. (6) i n  tu rn .  F i r s t  w e A o t e  t h a t  

F . ( Q * F )  = Q e ( F *  G )  - Tt 
I n t e g r a t i n g  both s i d e s ,  conver t ing  t h e  i n t e g r a l  of t h e  divergence i n t o  

'* a s u r f a c e  i n t e g r a l  a t  i n f i n i t y  (where t h e  p re s su re  n vanishes)  w e  have 

From t h e  d e f i n i t i o n  of 3 (eq. 5) w e  have 

where NT ( E T )  is  t h e  t o t a l  number (energy) of p a r t i c l e s  i n  t h e  b e l t  and 

E t h e  average  energy per  p a r t i c l e .  
- - 
E i s  c a l c u l a t e d  by averaging over  

a l l  t h e  p a r t i c l e s  i n  t h e  b e l t  whereas E ( i n  eq. 5) i s  c a l c u l a t e d  by 

averaging over  a small volume element. We have no t  assumed i n  eq. ( 7 )  

t h a t  N+ - N- o r  t h a t  E is  a cons tan t  over t h e  b e l t .  

S i m i l a r l y  one may show, using eqs.  (3)  and ( 4 )  t h a t  

The l a s t  term i n  eq. (6)  may be s i m p l i f i e d  by no t ing  t h a t  t h e  d i p o l e  

f i e l d  (Bo) may be represented  as fol lows 

+ 
where m (m = m 2 )  i s  t h e  magnetic moment and P(2 )  a u n i t  v e c t o r  i n  t h e  r a d i a i  

+ +  
( v e r t i c a l )  d i r e c t i o n .  

t h e  second and w e  have 

Since r J x P = 0 t h e  only t e r m  t h a t  su rv ives  is  



. .  
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But 

is t h e  magnetic f i e l d  due t o  t h e  plasma c u r r e n t s  eva lua ted  a t  t h e  o r i g i n  

(z(0)). We have f i n a l l y  from eq. ( 6 ) .  

..-. 

Since  B2 is p o s i t i v e  d e f i n i t e  w e  have 

L E  

Another i n t e r e s t i n g  consequence of eq. (9) is t h a t  2 s(0) > 0, 

t h a t  is t h e  plasma f i e l d  w i l l  support  t h e  e a r t h ' s  d i p o l e  f i e l d  a t  t h e  

po le s  and oppose i t  i n  t h e  e q u i t o r i a l  reg ions .  

W e  may o b t a i n  another  upper bound on N by cons ider ing  t h e  i n e q u a l i t y  T 

If we assume az imuta l  conponent and so 

where B is t h e  8 component of t he  d i p o l e / f i e l d .  S ince  B i s  p o s i t i v e  os8  0,8 

is t h e  maximum of the product ,  and t h e  i n t e g r a l  of B i s  
090 

where (rJ),ax 

t aken  over  t h e  plasma volume (V ) only.  and w r i t i n g  
090 

Noting t h a t  Bo 2 B 
P 

for t h e  average of Bo over  t h e  p lasma volume w e  have 0 

where ($I,,, is given by 



. I  

8 9 . .  . * 
I '  

This is in a manner of speaking the converse of eq. (10) where we have a 

product of the dipole magnetic moment and the plasma field whereas in 

eq. (11) we have a product of the plasma magnetic moment with the dipole 

magnetic field. It is clear that eq. (11) is neither as useful nor as 
.. . 

accurate an upper bound on the total number of particles. 

' ?  . .  
J 

, ! .  

.. I 

I 

. 
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h Simpl i f ied  Modo1 

I n  the preceding aec t ion  m der ived  rame t h o r e u  f o r  the upper 

bound on the number of p a r t i c l e a  i n  the Van Allen beltr. There upper 

bounds were given i n  terrr of obrervabler  assocL.tcd wi th  t h e  belt, e.g., 

B(o). Houever we have not obtained a n  upper b o u n d b r  B(o). 

measure B(o) (and E) we know that there are lese t h n  m . B(o)/ZE 

particles i n  t h e  belt. Thio doam mot t e l l  u r  how many p a r t i c l e s  could 

I f  we can  
A d  

be put i n  tho belt. To .zL.wr t h i r  q u e r t i o n  ue &ve had to  conr ide r  a 

s i m p l i f i e d  model. Let ur a . 0 ~ ~  t h a t  a11 particle. move i n  the e q u a t o r i a l  

plane.  A l l  the f o r c e s  acting on the  particle in t h i r  i d e a l i z a t i o n  w i l l  

be i n  the  plane and t hus  a n l f - c o n s i s t e n t  (though unr tab le)  r o l u t i o n  

ex is t s .  Th i r  reduces the complexity of the problem conr iderably  and a l though 

we w e r e  s t i l l  uxuble t o  give a completely r* t i s f8c to ry  anrwer f o r  the  

upper bound OR the pnrticle m e r ,  we were n e v e r t h c l e r r  r u c c e r r f u l  i n  

o b t 8 l n i a  lcmr l i m i t  f o r  the upper bound, i . e . ,  we w i l l  show that the 

a r x L u  murt be greater than a given number. 

If w a8.01~ c y l i n d r i c a l  rynuietry about t he  d i p o l e  u i r ,  the  

equation for equ i l ib r ium (eq 1) becomes 

A k  
where Prr (Prr = q 7 .  pzz - 0 )  i e  the ind ica t ed  component of t h e  p r e s s u r e ,  

tensor, J(r)  i e  the cornponnt of the plaema c u r r e n t ,  B i s  the  z-component 

of the magnetic f i e l d  generated by the  p h r a  and I) (r) 

is t h e  e a r t h ' s  umgnatic f i e l d  i n  the e q m t o r i a l  phm.  The c u r r e n t s  J 

Z 

0 

8nd the  field B art r e l a t e d  by I(urwc11'r equationr 



lo 

We may o b t a i n  t h e  number d e n s i t y  from eq .  ( 5 )  

Our problem of 

i n  a bounded domain 
.e. 

: i  

- N E  'r r 

maximizing the amount of plasma t h a t  may be confined 

(rl< rcr2) by a d i p o l e  f i e l d  may be formulated as  

fol lows.  Find a P (r) s a t i s f y i n g  eq .  (12)  (wi th  J(r) and BZ(r) s o l u t i o n s  r r  

of eqs.  (13)) which maximizes the i n t e g r a l  

s u b j e c t  t o  the  c o n s t r a i n t s  Prr = o f o r  r s  rl  and r 5 r 2  and P r r ( r ) a  0 
/ 

for rls r 61-2. Th i s  maximum number i s  then  

1 

We have not  determined the  gene ra l  s o l u t i o n  t o  t h i s  problem. 

obta ined  l imi t ed  success  by picking a p res su re  P 

parameters s a t i s f y i n g  the  c o n s t r a i n t s  and the  equat ion  of equ i l ib r ium and 

a d j u s t i n g  t h e  parameters t o  maximize t h e  i n t e g r a l  i n  eq .  (15). Th i s  w i l l  

g ive  ( N  )max..  f o r  a r e s t r i c t e d  c l a s s  of p r e s s u r e  p r o f i l e s .  

ceeding  wi th  t h i s  plan we would l i ke  t o  refor izulate  the problem t o  

f a c i l i t a t e  t h e  c a l c u l a t i o n .  F i r s t  w e  may so lve  eqs .  (13) t o  g ive  BZ(r) 

We have 

(r) wi th  v a r i a b l e  rr 

Before pro- 

where B 

a u n i t  c u r r e n t  i n  a r i n g  of r ad ius  r ' .  

p lane  of t he  r i n g .  

a p l a n a r  c u r r e n t  d i s t r i b u t i o n  J ( r ' )  is t h a t  of a sum of r i n g  c u r r e n t s  

( r , r ' )  is  the  magnetic f i e l d  a t  a d i s t a n c e  r from the  c e n t e r  of 
R 

The observa t ion  poin t  l i e s  i n  the 

Eq. (16) i s  j u s t  t h e  s ta tement  t h a t  the f i e l d  due t o  



. .  11 
. t  * 

J ( r ' ) d r L .  The func t ion  B ( r , r ' )  i s  given by Smythe * 
R 

where K and E are complete e l l i p t i c  i n t e g r a l s  of t h e  f i r s t  and second 

kind.  There are s e v e r a l  d i r e c t i o n s  i n  which one might proceed. 

chose t o  e l i m i n a t e  B (r) between eqs .  (12)  and (16) t o  o b t a i n  t h e  i n t e g r a l  

equat ion  

.. . 
We 

2 

66 

d'P 
(17) 

I f  t h e  p re s su re  p r o f i l e  were given the  s o l u t i o n  of t h i s  non l inea r  

i n t e g r a l  equat ion  would determine J ( r ) .  

cannot be solved.  

P ( r )  i f  t he  c u r r e n t  i s  given (provided of course  t h a t  the i n t e g r a l  can be 

performed).  

Needless t o  say  such a n  equat ion  

It i s  however a s i m p l e  matter t o  so lve  eq.  (17) f o r  

As a n  example t h a t  a l lows an  a n a l y t i c  s o l u t i o n  ( f o r  most i 
c u r r e n t  d i s t r i b u t i o n s  t h e  i n t e g r a l  must be performed numerical ly)  we 

cons ide r  a c u r r e n t  g iven  by 

TW = 0 elsewhere 

1' where 4, < 9,. We def ine@ - a2 -,al, and assume 4 a  much less than  a 

is- 
- We must choose a cu r ren t  d i s t r i b u t i o n  t h a t  i s  cont inuous o r  the  func t ion  

r- 
J(r ') BR(r, r ' ) d r '  i s  s i n g u l a r .  Such a cu r ren t  w i l l  g ive  a pressure  

0 
which is  cons t an t  i n s i d e  a r i n g  of r a d i u s  r = a 

r - a and ze ro  ou t s ide  t h e  r i n g  1 

(We have a l s o  cons idered  t h e  case of a hollow co re ,  as w e  f i n d  2' 
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* W. Smythe, " S t a t i c  and Dynamic E l e c t r i c i t y " ,  pp. 270-1, YiGraw-EI i l l  

Book Co., 1950 
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in t h e  a c t u a l  Van Al l en  b e l t s ,  but the nuriibero are very much the same.) 

t- 

To o b t a i n  this r e s u l t  we have used an asymptotic expansion f o r  % ( r a r ' )  

v a l i d  when r rl. Eq. (18) r equ i r e s  then  that A 8 be small. 

Maximizing t h e  pressure  with r e spec t  t o  the  parameter Jo 

Unfortunately t h e  pressure  i n  eq .  (18) inc reases  i n d e f i n i t e l y  as 

a func t ion  O f A a .  Howver,  t he  pressure  maximized wi th  r e spec t  t o  

Jo (eq. 19) i s  not a s e n s i t i v e  func t ion  o f d a .  

i n  eq. (19) as  l a r g e  as poss ib l e  c o n s i s t e n t  with t h e  approximation made 

i n  eq.  (18). We have chosenAa = . l a .  We have then ,  from the  equat ion 

of state  (eq. (14)), t h e  maximum number d e n s i t y  (number per  u n i t  a r e a ) .  

We t h e r e f o r e  c h o o s e d a  

If we s e t  a = 2.8 x lo7 m. (approximately the  d i s t ance  t o  the ou t s ide  of 

the Van Al len  b e l t s )  and 2 - 8 5  MeV ( t h e  mean energy of t he  protons i n  

the b e l t )  we f i n d  f o r  Ntotal  



I We may compare t h i s  r e s u l t  wi th  e x p c r i m n t  i n  the fol lowing way. I n  t h e  

4 o u t e r  b e l t  t he re  are r p p r o x i m t e l y  3 x 10 psr t ic les /m3.  If t he  p a r t i c l e s  

were d i s t r i b u t e d  uniformly i n s i d e  a sphere of r a d i u s  2.8 x lo7, 

would be 2.7 x p a r t i c l e s .  Thus we see t h a t  the  maximum number of 

t h e r e  

,. 
particles in t h i s  mode1 is l e s s  than t h e  observed n m b c r .  Ce r t a in ly  t h e  

model is  not  a p a r t i c u l a r l y  good one but  i t  a t  least suggests  t o  us t h a t  

the Van Al l en  b e l t s  are s a t u r a t e d .  

I n  the  above c a l c u l a t i o n  a very r e s t r i c t e d  cu r ren t  d e n s i t y  p r o f i l e  

was chosen. To be c e r t a i n  t h a t  we have a good es t imate  f o r  the  upper  

bound ( i n  the  planar model) we l i b e r a l i z e d  t h e  possible d i s t r i b u t i o n s  

by cons ide r ing  a c u r r e n t  with f i v e  p n r a E t e r s  

0 

We have chosen a func t ion  which au tomat i ca l ly  gives 3 = o a t  the  inne r  

edge of t h e  b e l t  (r = a).  We impose a c o n s t r a i n t  on the  C 's so cha t  J 

i r  also zero a t  the  ou te r  edge (say r = b). Thus 

n 

r vi 

hr..,t 

Through a somewhat labor ious  nunber ica l  c a l c u l a t i o n ,  tak ing  ca re  nea r  t he  

s i n g u l a r i l y  of B (r,r')  and r e s t r i c t i n g  ou r se lves  t o  p o s i t i v e  pressure  i t  

is p o s s i b l e  t o  maximize Ntotal  f o r  c u r r e n t  d i s t r i b u t i o n s  of t he  f o r a  

R 

given  i n  eq.  (21).  We f i n d  f o r  Ntota l  ' I  



Of course t h i s  resu l t  i s  largar than that given by eq. (20) since we 

have chosen a current d is tr ibut ion of greater f l e x i b i l i t y .  

.. . 
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